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Abstract
We present a discussion of black 2-branes coupled to the fields of the universal hypermultiplet
of ungauged N = 2 supergravity theory in five dimensions. Using a general ansatz dependent on
a spherically symmetric harmonic function, we show that there are exactly two such solutions,
both of which can be thought of as arising from the dimensional reduction of either M2- or
M5-branes over special Lagrangian cycles of a Calabi-Yau 3-fold, confirming previous results.
By relaxing some of the constraints on the ansatz, we proceed to find a more general solution
carrying both M-brane charges and discuss its properties, as well as its relationship to Euclidean
instantons.
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I Introduction
The search for nonperturbative solutions of string/supergravity theories is an open problem in
theoretical physics with various important applications. For example interest in N = 2 branes, our
focus in this paper, soared in recent years because of their relevance to the conjectured equivalence
between string theory on anti-de Sitter space and certain superconformal gauge theories living on
the boundary of the space (the AdS/CFT duality) [1]. Some solitonic solutions in D = 4, 5 also
allow for interpretation as the dimensional reduction of branes wrapping supersymmetric cycles of
manifolds with restricted holonomy. For example, M-branes wrapping Ka¨hler cycles of a Calabi-
Yau 3-fold M [2] dimensionally reduce to black holes and strings coupled to the vector multiplets
of five dimensional N = 2 supergravity [3], while M-branes wrapping special Lagrangian cycles
reduce to configurations carrying charge under the hypermultiplet scalars [4, 5, 6, 7]. Studying how
higher dimensional results are related to lower dimensional ones may eventually provide clues to
the explicit structure of the compact space and the choice of compactification mechanism, thereby
contributing to more understanding of the string theory landscape.
An abundance of work on gravitating solitonic solutions of N = 2 supergravity (SUGRA) in
four and five dimensions exist in the literature. One notes, however, that most of these study
couplings with the vector multiplets sector (for example, see [8, 9, 10, 11, 12, 13, 14, 15]). In
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contrast, hypermultiplets-coupled solutions are quite rare (e.g. [16, 17, 18, 19]). As such, this
paper is one in a series intended to filling this gap as well as generalizing previous results [6].
The relative rarity of hypermultiplets-related work may be ascribed to the fact that the scalar
fields of the hypermultiplets sector parameterize a quaternionic manifold, which is generally difficult
to deal with. Luckily there exists a duality transformation, known as the c-map, which relates the
D = 5 hypermultiplets’ quaternionic structure to the more well understood D = 4 special Ka¨hler
structure parameterized by the four dimensional vector multiplets (e.g. [20, 21]). This means
that one can use the techniques of special geometry, usually reserved for the vector multiplets, to
study the hypermultiplets and classify their brane-coupled behavior. This was first performed in
[22, 23], where instanton solutions of Euclidean N = 2 D = 5 supergravity were found using special
geometry methods. The 2-branes we have studied in [6, 7], as well as the new result in this paper,
are magnetically dual to these instantons. The general topic of N = 2 instantons was studied in
various sources (see [22] and the references within).
In [6] we found two solutions representing the coupling of 2-branes to the D = 5 universal
hypermultiplet fields by dimensionally reducing particular M-brane configurations (which were
constructed using the calibrations technique). In this paper, we re-derive these solutions using
an ansatz based on a radial function satisfying the Laplace equation in the brane’s transverse
space. We demonstrate that these solutions are the only possible ones satisfying the ansatz and are
characterized by the vanishing of either the M2- or M5-brane charges (inherited from D = 11 via
dimensional reduction). We then proceed to generalize to a new solution carrying both charges and
discuss some of its properties. We also note that changing certain choices leads to the dual Euclidean
space solutions, i.e. instantons. This straightforwardly follows from the (Poincare´)3 × SO (2)
invariance of the metric.
II Five dimensional N = 2 supergravity
The form of the ungauged N = 2 supergravity theory living in five dimensions may be understood
in geometric terms by considering it as the dimensional reduction of D = 11 supergravity over
supersymmetric cycles of a Calabi-Yau 3-fold M. The resulting theory exhibits a surprisingly
rich structure that follows directly from the intricate topology of the compact space. The matter
content of the theory is composed of (h1,1 − 1) vector multiplets and (h2,1 + 1) hypermultiplets
[24, 25, 26, 27, 28]; the h’s being the Hodge numbers of M. These two sectors decouple such that
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one may consistently set either one of them to zero. Furthermore, compactification over a rigid
Calabi-Yau with constant complex structure moduli (h2,1 = 0) excites only the so-called universal
hypermultiplet (UH), which is the only one we keep in our presentation. Throughout, we will use
εM1M2···MD to denote the totally antisymmetric Levi-Civita symbol such that ε012··· = +1.
In what follows, we largely use the formulation of [22]. The bosonic fields ofD = 11 supergravity
theory are the metric and a 3-form gauge potential A. The action is given by
S11 =
∫
11
(
R ⋆ 1− 1
2
F ∧ ⋆F − 1
6
A ∧ F ∧ F
)
, (1)
where ⋆ is the Hodge duality operator. The D = 5 couplings of gravity to the universal hypermul-
tiplet follow from eleven dimensional fields of the form
ds211 = e
2
3
σgMNdx
MdxN + e−
σ
3 ds2CY , M,N = 0, . . . , 4
A = 1
3!
AMNPdx
M ∧ dxN ∧ dxP + 1√
2
(
χΩ+ χ¯Ω¯
)
F = dA = 1
4!
FLMNP dx
L ∧ dxM ∧ dxN ∧ dxP + 1√
2
(
dχ ∧ Ω+ dχ¯ ∧ Ω¯) , (2)
where ds2CY is a fixed Ricci flat metric on the Calabi-Yau spaceM and Ω is the unique holomorphic
3-form onM. The D = 5 fields of the universal hypermultiplet are the real overall volume modulus
σ of the Calabi-Yau space, the D = 5 3-form gauge potential A and the pseudo-scalar axions (χ, χ¯),
assumed conjugate to each other. The dual to A is a scalar field known as the universal axion a.
The UH scalars (σ, a, χ, χ¯) parameterize the quaternionic manifold SU(2, 1)/U(2) [29, 30]. The
D = 5 action is then found to be (dimensional reduction detailed in [31]):
S5 =
∫
5
[
R ⋆ 1− 1
2
dσ ∧ ⋆dσ − 1
2
e−2σF ∧ ⋆F − eσdχ ∧ ⋆dχ¯− i
2
F ∧ (χdχ¯− χ¯dχ)
]
. (3)
The equations of motion of σ, A and (χ, χ¯) are, respectively:
(∆σ) ⋆ 1− eσdχ ∧ ⋆dχ¯+ e−2σF ∧ ⋆F = 0 (4)
d†
[
e−2σF +
i
2
⋆ (χdχ¯− χ¯dχ)
]
= 0 (5)
d† [eσdχ+ iχ ⋆ F ] = 0
d† [eσdχ¯− iχ¯ ⋆ F ] = 0, (6)
where d† is the adjoint exterior derivative, ∆ is the Laplace-De Rahm operator and the Bianchi
identity dF = 0 was used to simplify (6). The form of equations (5) and (6) is suggestive. It implies
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that the quantities inside the derivatives are conserved currents:
J2 = e−2σF + i
2
⋆ (χdχ¯− χ¯dχ)
J5 = eσdχ+ iχ ⋆ F, J¯5 = eσdχ¯− iχ¯ ⋆ F. (7)
These are, in fact, conserved Noether currents. The charges associated with them are found in
the usual way by:
Q2 =
∫
J2,
Q5 =
∫
J5, Q¯5 =
∫
J¯5. (8)
These charges (more accurately charge densities) correspond to certain isometries of the quater-
nionic manifold SU(2, 1)/U(2) as discussed in various sources [29, 30]. From a five dimensional
perspective, they can be thought of as the result of the invariance of the action under certain
infinitesimal shifts of A and (χ, χ¯) [22, 23]. The geometric way of understanding these charges is
in noting that they descend from the eleven dimensional electric and magnetic M-brane charges,
hence the (2, 5) labels1. M2-branes wrapping special Lagrangian cycles of M generate Q2 while
the wrapping of M5-branes results in non-vanishing
(Q5, Q¯5).
Finally, the full action is invariant under the following set of supersymmetry (SUSY) variations:
δǫψ
1 = Dǫ1 +
i
4
e−σ ⋆ Fǫ1 − e
σ
2√
2
dχǫ2
δǫψ
2 = Dǫ2 − i
4
e−σ ⋆ Fǫ2 +
e
σ
2√
2
dχ¯ǫ1 (9)
δǫξ1 =
1
2
[
(∂Mσ)− ie−σ (⋆F )M
]
ΓM ǫ1 +
e
σ
2√
2
(∂Mχ) Γ
Mǫ2
δǫξ2 =
1
2
[
(∂Mσ) + ie
−σ (⋆F )M
]
ΓM ǫ2 − e
σ
2√
2
(∂M χ¯) Γ
Mǫ1, (10)
where
D = dxM
(
∂M +
1
4
ω MˆNˆM ΓMˆNˆ
)
(11)
as usual, ψ and ξ are the gravitini and hyperini fermions respectively, the ǫ’s are the N = 2 SUSY
spinors, ω is the spin connection and the hatted indices are frame indices in a flat tangent space.
1This is the reverse situation to that of [22], where the (dual) Euclidean theory was studied.
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III The main ansatz and other preliminaries
The most general form of a metric satisfying (Poincare´)3 × SO (2) invariance in D = 5 is:
ds2 = e2Cσ(r)ηabdx
adxb + e2Bσ(r)δµνdx
µdxν , a, b = 0, 1, 2 µ, ν = 3, 4 (12)
where C and B are constants, (x1, x2) define the directions tangent to the brane and (x3, x4) those
transverse to it. From the point of view of the (x3, x4) plane, the brane appears as a point and one
may construct ordinary polar coordinates (r, θ) in the plane with the brane at the origin, such that
r = (δµνxµxν)
1/2 and tan θ = x4/x3. It turns out that the constant C is constrained to vanish by
both the Einstein equations and the SUSY condition2 δψ = 0. We then set C = 0 from the start:
ds2 = ηabdx
adxb + e2Bσ(r)δµνdx
µdxν . (13)
We also adopt the following form for F throughout:
F =
κ
3!
εabcf
ν
µ (∂νH
m) dxµ ∧ dxa ∧ dxb ∧ dxc, (14)
where m and κ are real constants to be determined, f νµ is either δ
ν
µ or ε
ν
µ and the radial function
H(r) is assumed harmonic in the transverse directions; i.e.
∆H = δµν (∂µ∂νH)
=
1
r
d
dr
(
r
dH
dr
)
= 0
→ H (r) = 1 + q ln r. (15)
Here q is related to the charges of the dimensionally reduced M-branes and we have chosen
H (1) = 1 for simplicity. We note as well that it is possible to generalize this ansatz to a multi-
centered solution simply by redefining:
H (x− xi) = 1 +
N∑
i=1
qi ln |x− xi|, (16)
where x is the position vector in the (x3, x4) plane and xi are the position vectors of a number N of
2-branes, each carrying a charge qi. The presence of harmonic functions is well understood in the
literature as characteristic of supersymmetric Bogomol’nyi-Prasad-Sommerfield (BPS) solutions,
making the harmonic condition a desirable property. They also indicate that the multi-centered
2This is no surprise, since δψ = 0 automatically satisfies GMN = 8piTMN [32].
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version of the solution satisfies a Newtonian ‘no-force’ condition (an example in the case of five
dimensional black holes is [33]). In this work, however, we will restrict ourselves to studying
single-centered solutions.
Demanding that (14) satisfies the Bianchi identity dF = 0 leads to:
κ (m− 1) εµαf να (∂µ lnH) (∂ν lnH) = 0, (17)
which, for nonvanishing κ, is identically satisfied for the choice f νµ = δ
ν
µ but requires m = 1 for
f νµ = ε
ν
µ . Now, consider the field equation (5). The second term vanishes as a consequence of the
Bianchi identities on (χ, χ¯) as well as
dχ ∧ dχ¯ = 0, (18)
while the first term leads to
d ⋆ F − 2dσ ∧ ⋆F = 0
κfµνxµxν
[
(m− 1) q
rH
− 2dσ
dr
]
= 0, (19)
where the assumption for a radial dilaton (13) was used. Once again assuming nonvanishing κ
(19) is identically satisfied for the choice f νµ = ε
ν
µ . However for f
ν
µ = δ
ν
µ it yields a first order
differential equation for σ with the solution:
σ (r) =
1
2
(m− 1) lnH, (20)
where we have chosen σ (1) = 0 for simplicity. We then generally assume the following form for the
dilaton
σ (r) = n lnH, (21)
where n is a constant that is equal to 12 (m− 1) only for κ 6= 0 and f νµ = δνµ.
The solutions we seek are black 2-branes satisfying the BPS condition, breaking half of the
supersymmetries of the theory. This is guaranteed by the vanishing of the variation of gravitini
and hyperini backgrounds, i.e. δψ = 0 and δξ = 0. In addition, we will use the remaining UH field
equations and Einstein’s equations GMN = 8πTMN to find constraints on the unknown constants
in the ansatz as well as the form of the axions (χ, χ¯). The bits and pieces we will need are as
follows: The fu¨nfbeins and Christoffel symbols are:
eaˆb = η
aˆ
b , e
µˆ
ν = e
Bσδµˆν
Γµνρ = B
[
δµν (∂ρσ) + δ
µ
ρ (∂νσ)− δνρδµα (∂ασ)
]
, (22)
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resulting in the following spin connections and covariant derivatives:
ω βˆγˆα = B
(
δβˆαδ
γˆρ − δβˆρδγˆα
)
(∂ρσ)
Da = ∂a
Dµ = ∂µ +
B
2
(∂νσ) Γµ
ν , (23)
as well as the Dirac matrices projection conditions3:
Γµˆνˆǫs = bsεµˆνˆǫs, s = (1, 2), bs = ±i
Γ νµ ǫs = bsεµ
νǫs, Γ
µǫs = −bsεν µΓνǫs. (24)
Finally, the Einstein equations have the following components:
Gab = Bηabg
µν (∂µ∂νσ) , Gµν = 0
8πTab = −1
4
ηab (∂
µσ) (∂µσ) +
1
4
e−2σFµdcaF
µdc
b −
1
24
e−2σηabFµdceFµdce − 1
2
eσηab (∂
µχ) (∂µχ¯)
8πTµν =
1
2
(∂µσ) (∂νσ)− 1
4
gµν (∂
ασ) (∂ασ) +
1
12
e−2σFµabcF abcν −
1
24
e−2σgµνFαabcFαabc
+eσ (∂µχ) (∂νχ¯)− 1
2
eσgµν (∂
αχ) (∂αχ¯) . (25)
IV An ansatz for the axions
In this section we assume the form of the axion fields (χ, χ¯) to be:
dχ = ωl νµ (∂νH
p) dxµ, dχ¯ = ω¯l νµ (∂νH
p) dxµ, (26)
where p and the complex ω are constants to be determined and l νµ is either δ
ν
µ or ε
ν
µ . We will derive
all the possible solutions that satisfy this assumption. This will include both 2-brane solutions as
well as the dual instanton solutions. It is straightforward to check that (26) trivially satisfies (18).
We now systematically go through the remaining field equations, inserting the ansa¨tze (14, 21, 26)
and keeping track of the cases that arise due to the specific choices of f νµ and l
ν
µ . The Bianchi
identity d2χ = 0 gives
ω (p− 1) εµαl να (∂µ lnH) (∂ν lnH) = 0, (27)
which is satisfied identically if l νµ = δ
ν
µ but requires
ω (p− 1) = 0 (28)
3The Einstein summation convention is not used over the index s.
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for l νµ = ε
ν
µ . The σ equation of motion (4) gives:
nδµν (∂µ lnH) (∂ν lnH) +m
2κ2H2(m−n)δµν (∂µ lnH) (∂ν lnH)
+p2 |ω|2H(n+2p)δµν (∂µ lnH) (∂ν lnH) = 0, (29)
irrespective of the choice of f νµ and l
ν
µ . This is clearly satisfied provided that:
m = n,
p = −n
2
n+m2κ2 + p2 |ω|2 = 0. (30)
Combining all three conditions together, we get the algebraic constraint4:
1 + nκ2 +
n
4
|ω|2 = 0. (31)
The χ field equation (6) yields:
ω (n− 2) lµν (∂µ lnH) (∂ν lnH)
+i2nωκ
(
εαβf
αµlβν
)
(∂µ lnH) (∂ν lnH) = 0, (32)
with a similar equation for χ¯. The conditions for (32) to be satisfied depend on f νµ and l
ν
µ in the
following way:
1. f νµ = l
ν
µ = ε
ν
µ : Identically satisfied
2. f νµ = l
ν
µ = δ
ν
µ: ω (n− 2) = 0
3. f νµ = δ
ν
µ, l
ν
µ = ε
ν
µ : ωκ = 0
4. f νµ = ε
ν
µ , l
ν
µ = δ
ν
µ: ω (n− 2) = ωκ = 0
Next, the Einstein equation Gab = 8πTab is satisfied for any choice of f
ν
µ and l
ν
µ if:
B =
n
4
(
1 + κ2 +
1
2
|ω|2
)
, (33)
while Gµν = 8πTµν results in:
n2
2
(∂µ lnH) (∂ν lnH)− n
2
4
δµνδ
αβ (∂α lnH) (∂β lnH)
+
1
4
m2κ2δµνδ
αβ (∂α lnH) (∂β lnH)− 1
2
p2 |ω|2 δµνδαβ (∂α lnH) (∂β lnH)
−1
2
m2κ2f αµ f
β
ν (∂α lnH) (∂β lnH) + p
2 |ω|2 l αµ l βν (∂α lnH) (∂β lnH) = 0. (34)
4Excluding the trivial case n = 0, which simply gives the flat Minkowski spacetime with vanishing hypermultiplets.
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This equation yields four algebraic conditions corresponding to the possibilities:
1. f νµ = l
ν
µ = ε
ν
µ : 1 + κ
2 − 12 |ω|2 = 0
2. f νµ = l
ν
µ = δ
ν
µ: 1− κ2 + 12 |ω|2 = 0
3. f νµ = δ
ν
µ, l
ν
µ = ε
ν
µ : 1− κ2 − 12 |ω|2 = 0
4. f νµ = ε
ν
µ , l
ν
µ = δ
ν
µ: 1 + κ
2 + 12 |ω|2 = 0
We now solve all the algebraic conditions under the four possible combinations of f νµ and l
ν
µ .
We choose the complex representation ω = beiϕ, where b is a real constant and ϕ is an arbitrary
phase and demand that κ = κ¯ to ensure the reality of F . We find exactly two possibilities:
2-brane with constant axions
ds2 = ηabdx
adxb + e−σδµνdxµdxν ,
σ = − lnH, dχ = dχ¯ = 0
F = ±
(
∂µH
−1
)
dt ∧ dx1 ∧ dx2 ∧ dxµ,
→ A = ± 1
H
dt ∧ dx1 ∧ dx2, (χ, χ¯) = constants. (35)
2-brane with constant 3-form field
ds2 = ηabdx
adxb + e−2σδµνdxµdxν ,
σ = −2 lnH, F = 0, A = constant
dχ = ±
√
2ε νµ (∂νH) e
+iϕdxµ, dχ¯ = ±
√
2ε νµ (∂νH) e
−iϕdxµ,
→ χ = ±
√
2qeiϕθ, χ¯ = ±
√
2qe−iϕθ. (36)
It is straightforward to verify that the conditions δψ = δξ = 0 are satisfied if the SUSY
spinors (ǫ1, ǫ2) are constant in both cases. Solutions (35) and (36) are exactly the ones we found
in reference [6] as the result of the dimensional reduction of wrapped M-branes and are the only
2-brane possibilities satisfying the ansa¨tze (14, 21, 26). We have discussed the M-brane connection
in more detail in [6] and [7] (as well as [31]). In the first reference in particular, it was explicitly
shown that the dimensional reduction of a single M2-brane down to five dimensions over a rigid
Calabi-Yau manifold (h2,1 = 0) gives exactly the solution (35), while the dimensional reduction of
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a certain M5-brane configuration yields the solution (36)5. It is clear from the calculations in this
section that these are the only possible 2-brane solutions if one insists on applying the dependence
on H to all the UH fields. To find a solution with non-vanishing fields we will have to relax this
condition, which we will do in the next section.
Finally, we note that if the conditions κ = κ¯ and b = b¯ are relaxed then there exist two more
solutions:
ds2 = ηMNdx
MdxN ,
σ = lnH, dχ = dχ¯ = 0
F = ±iε νµ (∂νH) dt ∧ dx1 ∧ dx2 ∧ dxµ,
→ A = ±iqθ dt ∧ dx1 ∧ dx2, (χ, χ¯) = constants, (37)
and
ds2 = ηMNdx
MdxN ,
σ = 2 lnH, F = 0
dχ = ±i
√
2
(
∂µH
−1
)
e+iϕdxµ, dχ¯ = ±i
√
2
(
∂µH
−1
)
e−iϕdxµ
→ χ = ±i
√
2
H
eiϕ, χ¯ = ±i
√
2
H
e−iϕ, A = constant. (38)
These are clearly not 2-branes but rather Minkowski space representations of Euclidean solutions
of the theory, i.e. instantons; as can be verified by performing a Wick rotation t → ix0 on them
and allowing the function H to be harmonic in all five dimensional Euclidean space (which also
restores the reality of F in the first result). Such UH-coupled instantons have been extensively
studied in the literature, particularly for D = 4 (see for example [34, 35, 36, 37]). The first solution
(37) is the result of the dimensional reduction of Euclidean M5-branes over a rigid M and (38)
is the dimensional reduction of Euclidean M2-branes. Solutions (37) and (38) are then just the
Minkowski space representations of these instantons and are magnetically dual to the 2-branes (35)
and (36). The D = 4 instantons of [34] are similar and should arise as the dimensional reduction
of (37) and (38) over S1.
5In [6], however, the choice ϕ=pi/2 was used.
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V The 2-brane with full UH fields
In the previous section it was shown that assuming the ansatz (26) fails to deliver a solution with
non-vanishing UH fields. We now relax (26) while keeping the analysis of §III. Based on the form
of the solutions (35), (36), (37) and (38), we expect that the choice f νµ = δ
ν
µ will lead to a 2-brane
configuration generalizing (35), while f νµ = ε
ν
µ would result in an instanton solution
6. We then
set
ds2 = ηabdx
adxb + e−σδµνdxµdxν , σ = − lnH
F = ±
(
∂µH
−1
)
dt ∧ dx1 ∧ dx2 ∧ dxµ, (39)
and are only left with finding the form of the non-constant axions. First, we consider the Einstein
equations Gab = 8πTab and Gµν = 8πTµν , both of which lead to
dσ ∧ ⋆dσ + e−2σF ∧ ⋆F + 2eσdχ ∧ ⋆dχ¯ = 0, (40)
yielding
dχ ∧ ⋆dχ¯ = 0. (41)
We also note that the dilaton equation (4) leads to (41) as well. It can be shown that it is
impossible to satisfy (41) simultaneously with (18), which guarantees (5), if one insists that the
axions (χ, χ¯) are complex conjugate to each other. However, this problem is solved if one assumes
that they are split-complex conjugate. In other words:
χ = χ1 + jχ2
χ¯ = χ1 − jχ2, (42)
where (χ1, χ2) are functions in the transverse plane and the “imaginary” number j is defined by
j2 = +1 and is not equal to ±1. Split-complex numbers7 are a generalization of ordinary complex
numbers satisfying the ‘hyperbolic’ scalar product:
|χ|2 = χ21 − χ22. (43)
6This, in fact, leads to the solution found in [22], which reduces to (37) for vanishing axions.
7Also known as ‘para-complex numbers’, ‘real tessarines’, ‘algebraic motors’, ‘hyperbolic complex numbers’, ‘dou-
ble numbers’, ‘perplex numbers’, ‘Lorentz numbers’, and several others.
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In contrast to the complex numbers, which form a field, the split-complex numbers form a ring.
They have the interesting property, absent from the complex numbers, of containing non-trivial
idempotents (other than 0 and 1), where an idempotent Z is defined by Z2 = Z. This property
can be used to define the so-called diagonal, or null, basis:
e =
1
2
(1 + j)
e¯ =
1
2
(1− j) , (44)
such that any split-complex quantity, such as our axion fields, can be written in the form:
χ = (χ1 + χ2) e+ (χ1 − χ2) e¯ (45)
χ¯ = (χ1 − χ2) e+ (χ1 + χ2) e¯, (46)
where e is idempotent as well as null, i.e. |e|2 = ee¯ = 0. One can also demonstrate the interesting
property (which we will use in the next section):
1
e
=
1
e¯
= 1. (47)
Equations (41) and (18) further require that χ1 = χ2, i.e.
χ = 2eχ1
χ¯ = 2e¯χ1, (48)
which means that (χ, χ¯) are themselves null split-complex fields. It is this last fact that allows for
(41) and (18) to be simultaneously satisfied. It is interesting to note that split-complex structures
have been shown to naturally arise in the context of hypermultiplet couplings obeying Euclidean
supersymmetry (see e.g. [38] and the references within). The connection between this and the
explicit solution found here might be a worthwhile problem to pursue.
We are now left with finding the explicit form of the real function χ1 (r, θ). This is straightfor-
wardly found by looking at the χ field equation (6), which gives
1
r
∂
∂r
(
r
∂χ1
∂r
)
+
1
r2
(
∂2χ1
∂θ2
)
=
q
Hr
[(
∂χ1
∂r
)
+
i
r
(
∂χ1
∂θ
)]
. (49)
This clearly implies that
∂χ1
∂θ
= 0. (50)
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The remaining radial equation is then readily integrated to give:
χ = χ0H
2e
χ¯ = χ0H
2e¯, (51)
where the factor of 2 was absorbed in the arbitrary integration constant χ0. Note that the axion
fields are asymptomatically well-behaved since (dχ, dχ¯) ∝ H/r ; slowly converging to a finite value.
Finally, we look at the SUSY variations. Using (10), the condition δξ = 0 can be written in the
matrix form 
 12
[
(∂µσ)− ie−σ (⋆F )µ
]
Γµ e
σ
2√
2
(∂µχ) Γ
µ
− e
σ
2√
2
(∂νχ¯) Γ
ν 1
2 [(∂νσ) + ie
−σ (⋆F )ν ] Γ
ν



 ǫ1
ǫ2

 = 0, (52)
which is true if and only if the determinant of the given matrix vanishes:
dσ ∧ ⋆dσ + e−2σF ∧ ⋆F + 2eσdχ ∧ ⋆dχ¯ = 0. (53)
This is exactly equation (40) which we already know is satisfied. The condition δξ = 0 can
further be used to uncouple the two δψ = 0 equations, leading to first order differential equations
in the spinors:
Dǫ1 +
1
2
dσǫ1 − i
4
e−σ (⋆F ) ǫ1 = 0
Dǫ2 +
1
2
dσǫ2 +
i
4
e−σ (⋆F ) ǫ2 = 0, (54)
resulting in (
dǫs
dr
)
=
q
2Hr
ǫs s = 1, 2, (55)
which is straightforwardly solved by ǫs = H
1
2 ǫˆs, where (ǫˆ1, ǫˆ2) are constant spinors.
To summarize, the complete solution representing the coupling of a 2-brane to the full set of
non-vanishing universal hypermultiplet fields in D = 5 is:
ds2 = ηabdx
adxb + e−σδµνdxµdxν , σ = − lnH
A = ± 1
H
dt ∧ dx1 ∧ dx2,
χ = χ0H
2e where e =
1
2
(1 + j) , e¯ =
1
2
(1− j) ,
χ¯ = χ0H
2e¯, and j2 = +1, j 6= ±1. (56)
This clearly reduces to (35) if χ0 = 0 as required.
14
At this point, a natural question to ask is whether or not one can find another solution with
non-vanishing UH fields that reduces to (36) if F = 0. One can show that this, in fact, is not
possible. The reason is that if one assumes such a solution existed then equation (40) necessarily
leads to
F ∧ ⋆F = 0 →
(
∂A
∂r
)2
+
1
r2
(
∂A
∂θ
)2
= 0, (57)
implying that A is not real. This is a contradiction and one concludes that a more general solution,
exactly reducing to (36) as a special case, does not exist. However, it should be clear that relaxing
the condition of the reality of F and proceeding from (57) one should arrive at an instanton solution
that reduces to (38) for vanishing F . As before, the reality of F would be restored in Euclidean
space.
VI The M-branes connection revisited
In order to emphasize the geometric meaning of the results discussed in this paper, we further
analyze their interpretation as the dimensional reduction of M-brane configurations. The M-brane
charges, excited by these reductions, are calculable via (8). Note however, that an interesting prop-
erty of the 2-branes (35), (36) and (56) is that they are asymptotically non-flat! This phenomenon
is known to arise for p-branes where p = D − 3,D − 2 and such solutions have been dubbed ‘high
branes’ [39]. As such, it does not make much sense to talk about the ‘total’ charge of the brane,
since the integrals of (8) would necessarily diverge if carried over the entire transverse space. In
what follows then, we calculate the M-brane charges using specific choices of integration constants,
with the sole purpose of relating (Q2,Q5) to the dilaton charge q in the simplest possible way. We
will use non-script (Q2, Q5) to denote the charges with these choices of constants.
As discussed in [6], (35) is the result of reducing a single M2-brane to D = 5 using the scheme
t 1 2 3 4 • • • • • • (58)
where (t, 1, 2) represent the world-volume directions of the brane, (3, 4) the transverse directions
and the six dimensions denoted by • represent those wrapped completely over a T 6. Calculating
the M2-brane charge via (8) leads to the simple relation
Q2 = ±q, (59)
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and of course Q5 vanishes. This leads to
ds2 = ηabdx
adxb + e−σδµνdxµdxν ,
σ = − ln (1 + q ln r)
A =
1
1 +Q2 ln r
dt ∧ dx1 ∧ dx2, (χ, χ¯) = constants. (60)
Solution (36), on the other hand, is slightly more complex since it arises from the dimensional
reduction of a system of 4 intersecting M5-branes as follows
t 1 2 3 4 5 6 7 • • •
t 1 2 3 4 5 • • • 9 10
t 1 2 3 4 • 6 • 8 • 10
t 1 2 3 4 • • 7 8 9 •
(61)
Note that each two M5-branes intersect on a 1-brane and that three directions of each M5-
brane end up completely wrapped over 3-cycles of the Calabi-Yau, which are taken to be special
Lagrangian. The Q2 charge vanishes and we find:
Q5 = ±2π
√
2qeiϕ,
Q¯5 = ±2π
√
2qe−iϕ, (62)
leading to
ds2 = ηabdx
adxb + e−2σδµνdxµdxν ,
σ = −2 ln(1 + q ln r),
χ =
Q5
2π
θ,
χ¯ =
Q¯5
2π
θ, A = constant. (63)
The fact that one cannot find a more general solution with non-vanishing charges that reduces
to (63) can be explained in the following way: Such a solution, if it existed, would have the D = 11
interpretation as the intersection of four M5-branes and at least one wrapped M2-brane. Chart
(61) implies, however, that there is no room left for M2-branes. If the D = 11 parent configuration
does not exist, then the D = 5 offspring wouldn’t either, as we found in the previous section.
Finally, we look at (56). The M-brane charges are found to be:
Q2 = ±q
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Q5 = ±2qχ0e (1− iπ)
Q¯5 = ±2qχ0e¯ (1 + iπ) . (64)
Note that the M5-brane charges
(
Q5, Q¯5
)
are both complex and null split-complex. Re-writing
χ0 in terms of the M-brane charges and using (47), (56) becomes:
ds2 = ηabdx
adxb + e−σδµνdxµdxν , σ = − ln (1 + q ln r)
A = ± 1
(1 +Q2 ln r)
dt ∧ dx1 ∧ dx2,
χ = ±Q5
Q2
e (1 + iπ)
2 (1 + π2)
(1 +Q2 ln r)
2
χ¯ = ±Q¯5
Q2
e¯ (1− iπ)
2 (1 + π2)
(1 +Q2 ln r)
2 ,
where e =
1
2
(1 + j) , e¯ =
1
2
(1− j)
and j2 = +1, j 6= ±1. (65)
Solution (56/65) then represents the dimensional reduction of some configuration of wrapped
M2- and M5-branes. Finding this configuration is an interesting problem in its own right. It might
be, however, that it is already partially known. In [40], a solution representing the coupling of
(unwrapped) M2- and M5-branes was found (with further discussion in [41]). In their analysis, the
D = 11 metric and 4-form field F are dependent on an arbitrary phase angle α such that the choice
cosα = 0 reduces the solution to a pure M2-brane whereas sinα = 0 gives the ordinary M5-brane.
We suspect then that there exists an eleven dimensional solution that represents the wrapping of
this dyonic state over special Lagrangian cycles of M such that, upon dimensional reduction, it
yields (56). This, however, is a question for future pondering.
VII Conclusion
We presented a detailed analysis of the coupling of supersymmetric BPS 2-brane sources to the
universal hypermultiplet fields of five dimensional N = 2 SUGRA. These solutions can be thought
of as the dimensional reduction of certain M-brane configurations over special Lagrangian cycles of
a rigid Calabi-Yau 3-fold. Two of the solutions discussed carry only one of the two possible M-brane
charges and were shown to be the only solutions satisfying both (Poincare´)3 × SO (2) as well as
the dependence on a purely radial harmonic function (barring instanton solutions of the Euclidean
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form of the theory). We then generalized one of these solutions to one representing the dimensional
reduction of a coupled M2/M5 brane configuration and explicitly calculated the M-brane charges.
There are several possible paths that one can tread from here. For example, finding the eleven
dimensional dyonic M2/M5 brane configuration that dimensionally reduces to (56/65) would be
interesting. As mentioned, a starting point could be the solution of [40]. One may also generalize
our result to include an arbitrary number of hypermultiplet fields (i.e. h2,1 6= 0) in the spirit of [6]
and [23], and/or find its eleven dimensional counterpart. Clearly these possibilities are intertwined
and one may easily lead to the other. An obvious obstacle would be the fact that explicit forms of
compact non-rigid Calabi-Yau manifolds do not yet exist. In other words any h2,1 6= 0 configuration
will necessarily depend on unknown functions representing the complex structure moduli and other
metric-dependent properties of M. Despite this, one can still deduce a variety of conclusions
from the general form of the differential equations governing the unknown functions, as well as
further understand Calabi-Yau compactifications (see e.g. [3] and [7]). Furthermore, constructing
wrapped M-branes may require invoking the theory of generalized calibrations; an approach that
is interesting in its own right (e.g. [2]).
Even without reference to higher dimensional sources, one can still find open questions to tackle
for hypermultiplets-coupled branes. For instance, it would be interesting to further explore the
properties of N = 2 branes as high branes. Also, aside from the appearance of split-complex struc-
tures in Euclidean supersymmetry [38], the use of split-complex quantities to construct an explicit
supergravity solution is, to this author’s knowledge, unprecedented. One could further explore the
origins of this, its connection to Euclidean supersymmetry, as well as its physical implications, if
any. Another possibility, one more in tune with our earlier comment that hypermultiplets-related
research is lacking in the literature, would be to write down general ansa¨tze for five dimensional
p-branes satisfying (Poincare´)p+1 × SO (D − p− 1) invariance and study the general properties of
such metrics and how they can couple to the UH fields or, more ambitiously, to the full hypermulti-
plets sector. Some work in this direction already exists [42], [43]. This is particularly interesting in
the context of classifying p-branes in supergravity. In the future, we plan to continue explorations
in at least some of the above possibilities.
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